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SUMMARY

I. The friendship paradox.
II. Quantification via convergence.

III. Two examples.



I. THE FRIENDSHIP
PARADOX




§ THE FRIENDSHIP PARADOX IN WORDS

“On Average, Our Friends Have More Friends Than We Do!”
Feld, 1991

a social network



§ SOCIAL NETWORKS MODELLED AS GRAPHS

e For n € N, let G5, be a finite undirected graph with n vertices
labeled by [n] = {1,...,n}. Let d; be the degree of vertex i.

o Let A;, be the friendship-bias of vertex i, which is defined as
the difference between the average degree of the neighbours of
1 and the degree of 7 itself, i.e.,
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where A is the adjacency matrix of Gy, i.e., Aij = number of
edges between 1 %= 53 and A;; = twice number of self-loops at 2.



§ THE FRIENDSHIP PARADOX IN A FORMULA
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For any graph G, , the average friendship-bias is non-negative,
l.e.,

1
A== Din>0
1€[n]

Equality holds if and only if all the connected components of Gy,
are regular, i.e., have constant degree.



PROOF: Write, using the relation d; = ¥ (5] 4,20 Aij-
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Equality holds if and only if ¢+ — d; is constant on each connected

component.

[]



§ APPLICATIONS

The friendship paradox plays a role in:

e Epidemics: vaccination strategies.

e Psychology: perception of inequality.
e Politics: voting prediction via polling.
e Communication: spread of viral content.
e Statistics: sampling bias in surveys.

e Mathematics: geometry of networks.



§ KEY QUESTION

Can we quantify the friendship paradox and analyse the
quantification for key examples of large random graphs?

Why large random graphs? Because social networks are typically
vast in size and complex in shape. The key object to look at is
the friendship-bias empirical distribution
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Pal, Yu, Novick, Swami, Amotz, Bar-Noy 2019
Cantwell, Kirkley, Newman 2021
Hazra, den Hollander, Parvaneh 2025



II. QUANTIFICATION VIA
CONVERGENCE
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§ LOCAL CONVERGENCE

In what follows we look at a sequence of random graphs (Gn)nenN-
We need the following notion of convergence, where P,, denotes
the probability law of Gy,.

DEFINITION

(Gn)nen is said to converge locally in probability to the pair
(Goo, ®) When Gy viewed relative to a randomly drawn vertex
converges in law, in an appropriate topology as n — oo under the
law Py, to a random graph G~ Wwith root vertex ¢.

THEOREM 1 Hazra, den Hollander, Parvaneh 2025

If (Gn)pen converges locally in probability to (Geo, ), then un
converges weakly to u in probability, where u is the law of the
friendship-bias of ¢ in Go.



Theorem 1 says that

lim un(B) = u(B) in probability for all B C R Borel.

n—oo

Thus, we have a full characterisation of the limit law p in terms
of the friendship-bias of the root in the limiting rooted random
graph.

The above characterisation allows us to
fully quantify the friendship-paradox!
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§ ROOTED RANDOM TREES

Many sparse random graphs (=~ bounded degrees) are locally
tree-like, which represents a structural simplification.

Let (G, @) be an almost surely locally finite rooted random tree.
Let d¢ be the degree of ¢, and let d; be the degree of neighbour
7 of ¢. Then

1 %

Dy = [ > 4 —d¢]1{d¢#0}’
Q5] 1

is the friendship-bias of ¢ in Ge and p is the law of Ag.



§ SIGNIFICANCE

DEFINITION Hazra, den Hollander, Parvaneh 2025

The friendship paradox is called
significant ~ when u([0,00)) > 1,

insignificant when p([0,00)) < %

We already know that [pzu(dz) > 0. Significance means that
the vertices with a non-negative friendship-bias are at least as

numerous as the vertices with a negative friendship-bias, i.e., the
median of u is non-negative.



III. TWO EXAMPLES

-

R. van der Hofstad, Random Graphs and Complex Networks,
Cambridge Series in Statistical and Probabilistic Mathematics,
Volume 1 (2017), Volume 2 (2024).



§ HOMOGENEOUS ERDOS-RENYI RANDOM GRAPH

For A € (0,00) and n € N, let ERy(\) be the random graph in
which each pair of distinct vertices in 4,5 € [n] is independently
connected by an edge with probability %/\ 1.

a realisation of ER,(\) with n =12 and A =6



BASIC FACT:
As n — oo, ERp()\) converges locally to a rooted random tree

with offspring distribution Poisson(\).

THEOREM 2a
limy0EulAg]l =0,  limyoEu[AZ] =0,

My 00 Eu[Aqs] =1, limy, EM[Aé] — 0.

THEOREM 2b
For every \ € (0,00),

)\e—2)\
Pu{Ay >z} ~ exp{—xlog (%)}, T — 00.




THEOREM 2c
(a) For every X\ € (0,00),

“ Mk — Ak [
W([0,00)) = 3" e kIA S e ;)\k) |

keNg 7 I>k(k—1) '
(b) imu(0,000) =1, lim u([0,00)) =},

Erdés-Rényi Random Graph
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Refined numerical plot:

1((0,00)) (= positive vertices),

1((—o00,0)) (= negative vertices).

The former outweigh the latter, indicating a strong form of significance.

Erd6és-Rényi Random Graph
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§ CONFIGURATION MODEL

Let CMy(dyn) be the random graph drawn uniformly at random
from the set of all graphs with a prescribed degree sequence dp.
Such a graph can be generated via a simple algorithm.

N~ /7
< >
LN

prescribed degree sequence dg = (1,3,1,3,2,4)
randomly pair half-edges



BASIC FACT:

Let D,, be the degree of a uniformly chosen vertex. Suppose
that, for some D with P(D > 0) =1 and E[D] < oo,

Dy — D in distribution, E[D,] — E[D], n — oo.

Then CMy(d,) converges locally to a random tree with
e offspring distribution p = (pg)ren, at the root ¢,
e offspring distribution p* = (pf)ren, at all other vertices,

where
(kE+ 1)pp41
E[D]

Pr — P{D — k}7 pZ —

SPECIAL CASE: the zeta offspring distribution

1
pp=——<k 7, kéEN, T € (2,00).
¢(7)



THEOREM 3a

For general offspring distribution,

If E[D?] < oo, then also EM[AQ%] is computable. In particular,

Var,(Ayg) > Var(D).

THEOREM 3b

For the zeta offspring distribution,

Pu{Ay >z} < z(7=2) T — 00.



THEOREM 3c
For the zeta offspring distribution,

u([0,00)) >3 V1€ (2,00),
w([0,0)) — 1, 712, w([0,0)) -1, 7T — .

Configuration Model
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Refined numerical plot:

1((0,00)) (= positive vertices),

1((—o00,0))(= negative vertices).

The former outweigh the latter, indicating a strong form of significance.

Configuration Model

2 — = w((0,%)) (upper)
— w((0,%)) (lower)
— Ww((-=,0)) (upper)
— = w(-=,0)) (lower)
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