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Fresh Caching of Dynamic Contents Using Restless
Multi-Armed Bandits Over Wireless Access

Ankita Koley

Abstract—We consider a dynamic content fetching, caching
and delivery problem wherein the contents get updated at a
central server, and local copies of a subset of the contents are
cached at an edge cache associated with a base station (BS). Upon
being requested, the BS can fetch the requested content from the
central server and serve or can serve the locally cached version or
can deny service. Fetching a content incurs a fixed fetching cost,
serving a cached version incurs an ageing cost proportional to the
age-of-version (AoV) of the content, and denying service incurs
a fixed missing cost. Furthermore, due to unreliability of the
channel between the BS and the users, a content delivery can fail,
again resulting in a missing cost. We formulate an optimal content
fetching, caching and delivery problem to minimize the average
cost subject to the cache capacity constraint. This problem
belongs to the class of continuous time restless multi-armed
bandit (RMAB) problems with state dependent feasible action
sets. We show that the single content problem is indexable, derive
its Whittle indices and provide a Whittle index based policy
for the original multi-content problem. Finally, we numerically
evaluate the performance of the proposed policy and compare it
to the existing works. We demonstrate that the proposed policy
substantially outperforms the existing ones and, performance-
wise, is very close to the optimal policy.

Index Terms—Content Distribution Networks (CDNs), caching,
age of information, restless multi-armed bandits (RMAB), Whit-
tle indices.

I. INTRODUCTION

VER the past few years, online social networks and

digital platforms like Facebook, Instagram, LinkedIn,
and YouTube have become viral platforms for users to interact,
communicate, and share contents. Their increasing popularity
has resulted in a huge volume of content being shared across
these platforms. Their Content Distribution Networks (CDNs)
deploy caches in various geographical locations closer to
the users in addition to the central server to ensure timely
delivery of the contents; for example, the Facebook CDN
uses several layers of caches along with the backend server
[1]. Distributed caching reduces not only latency for the
end users but also backhaul traffic and the resulting conges-
tion, specifically during peak hours. Depending on contents’
evolution on online platforms, their relevance changes, i.e.,
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the earlier versions become less relevant, for example, con-
sider Facebook’s news feed or YouTube’s recommendation
page. The servers hold the most recent versions of the
contents. As new versions of the contents appear at central
servers, these also need to be updated at the edge caches
[2].

Delivery of fresh versions of the contents is crucial in
the above applications. The cached versions of the contents
become less relevant on appearance of their updates at the
central server. So, upon receiving a request for a cached
content, the cache may serve the cached version or may fetch
a fresh version and serve or may deny service, depending on
the freshness of the cached version. Age of Information (Aol)
is a widely adopted metric to measure information freshness
[3], [4], [5]. However, it does not accurately capture the rele-
vance of the contents. Contents with different Aol may have
widely different relevance depending on their update statistics.
Abolhassani et al. [6] have introduced a new metric called
age-of-version (AoV) that captures the number of updates of
a content at the server since the last cached version. The edge
cache may want to fetch fresh versions of the contents and
replace the cached ones depending on their AoVs. However,
the edge caches are typically unaware of the updates occurring
at the server. Specifically, they observe the AoVs of the cached
contents only upon fetching the fresh versions.

We consider an edge cache attached to a base station
(BS), connected to the server via the Internet, and serving
a population of end users. Upon receiving a request for an
uncached content, the cache may fetch the content from the
server and serve or may deny service. In the former case,
it may cache the fetched content by evicting another cached
content. Upon receiving a request for a cached content, the
cache may serve the cached version or may fetch a fresh
version and serve or may deny service. Content delivery to
the users may also fail owing to poor network conditions.
There are costs associated with fetching the contents, serving
stale versions and not serving either deliberately or due to
poor network. We aim to design a content fetching, caching
and delivery policy to minimize the average costs accounting
for the limited cache capacity. This problem falls in the class
of restless multi-armed bandit (RMAB) problems where each
content acts as an arm. We propose a Whittle index based
policy which performs very close to the optimal policy.

Dynamic content fetching and caching, in particular, the task
of determining which contents to cache and when to replace
the cached versions with fresh ones, is in general a chal-
lenging problem. It depends on several factors, e.g., limited
cache capacity, dynamic content updates, request dynamics,
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Fig. 1. Possible actions for different contents in C(¢x) U {ex} when Content ey, is requested at time ¢. The actions are numbered from 0 to 3. For instance,
Action 0 is applicable to the cached contents and has different annotations for the requested content and other contents in C(t ). For the requested content
it means serve cached version whereas for other contents it means keep. Recall, serving the requested content can be failed to to channel failure, resulting in

a missing cost.

reliability of the wireless network between the edge cache and
users, and the costs associated with content fetching, staleness
and denying service.

A. Related Work

We review existing literature in three areas closely related to
our work: AoV-based content fetching, caching over wireless
networks and restless multi-armed bandits (RMAB).

1) AoV-Based Content Fetching and Caching: Yates [7]
focuses on determining the average AoV at each node in
a gossiping network. Delfani and Pappas [8] concentrate
on minimizing the average AoV at all the nodes in such
networks, assuming full knowledge of AoV at each node.
In IoT systems, these approaches are especially meant to
enhance data freshness. However, in edge caching systems, the
edge cache is typically unaware of the updates at the central
server, introducing an additional challenge in maintaining data
freshness (minimizing AoV) at the edge cache.

The AoV of a content at the edge cache is learnt either
by fetching the content [6] or employing a cache check [9].
In a single-cache framework, a cache check detects updates,
incurring a cost. When new updates are found, the cached
data is replaced with the latest version. In this model, upon
being requested, the cache can only serve the cached version
and fetches a new version only if the requested content is not
cached. A more flexible framework allows fetching updated
contents even when those are already cached to avoid serving
stale versions [6], [10]. Abolhassani et al. [6] propose a static
policy and show that it is asymptotically optimal. In [11],
we propose a Whittle index based dynamic policy which
outperforms the one proposed in [6]. These works do not
consider unreliability of the wireless network between the edge
cache and the end users.

2) Caching Strategies in Wireless Networks: The frame-
works of [6] and [9] have been extended to a wireless edge
[12] and to multiple caches connected to the server through
a broadcast wireless edge [13], [14]. These works consider
a wireless channel between the edge cache and the backend
server, introducing possibility of content fetching failure due
to poor channel conditions. Few works have considered unre-
liable wireless links between the edge cache and the end users.
For example, Chen and Liew [15] study latency minimization

considering caching of static contents over a wireless network.
Zhang et al. [16] study average Aol-delay trade-off under Aol
constraints with unlimited cache capacity. In contrast, we focus
on optimal content fetching, caching and delivery of dynamic
contents subject to limited cache capacity constraints.

3) Restless Multi-Armed Bandits: We frame the content
fetching, caching and delivery problem subject to the cache
capacity constraint as a RMAB where each content represents
an arm. The Whittle index-based policies, are known to be
asymptotically optimal for RMABs. However, establishing
indexability and computing the Whittle indices are hard in
general. Very few works have offered explicit characterizations
of Whittle indices for their RMAB problems [17], [18], [19].
Several recent works have proposed efficient algorithms to
numerically compute Whittle indices [20], [21]. More over,
the existing works on RMABs (e.g., [15], [18], [19], [22],
[23]) are primarily limited to problem with binary actions for
each arm, pulling or not pulling it. In contrast, our problem
entails more choices at each decision epoch (see Figure 1)
which makes the analysis more challenging.

B. Our Contribution

We pose an optimal content fetching, caching and delivery
problem to minimize the average content fetching, ageing and
missing costs subject to the cache capacity constraint. To
the best of our knowledge, this is the first work on optimal
content caching and delivery that considers missing costs due
to service denials and failures of the wireless channel between
the cache and the users. We formulate the problem as a RMAB
problem where each content is an arm and the single content
problem is a partially observable Markov decision process
(POMDP). Following are our main contributions.

1) We derive the optimal solution to the single content
fetching, caching and delivery problem with a holding
cost. We establish its indexability and obtain closed form
expressions of the Whittle indices.

2) We propose a Whittle index based policy for the original
multi-content problem. Our analysis also offers a lower
bound on the optimal cost. We use it to demonstrate that
the proposed policy performs very close to the optimal
policy. We also show that it substantially outperforms
the policies proposed in literature [6], [12].
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3) Finally, we assume a reliable channel between the BS
and the users and no service denial option. In this case,
we compare performance of our proposed policy to that
of the policy based on a distributed cache framework
[13]. We demonstrate that our policy outperforms the
one proposed in [13] also.

II. SYSTEM MODEL

Let us consider a communication network with a central
server, a Base Station (BS) associated with a edge cache and
an end user population. The central server hosts N dynamic
contents which are requested by the end users. The BS is
connected to the central server via a wired network and the
users are connected to the BS via wireless channels. The edge
cache can fetch and store up to M contents from the server,
and serve them locally to users upon request.

A. Content Dynamics

All the N contents are updated according to independent
Poisson processes with ), being the update rate of the n'"
content. The server always hosts the latest version of the
contents.

B. Request Dynamics

The aggregate request process of the end users is a Poisson
process with rate 3. Each request could be for the nt" content
with probability p,, independently of the other requests. Here,
Pn, 1 < n < N denote the relative popularity of the contents
and ) p, = 1. For instance, the popularity of the contents
on Web is widely modelled using Zipf’s distribution wherein
pn x 1/n® for the nt" most popular content [24]. Under
the proposed request dynamics, n'” content’s request rate is a
Poisson process with rate p,, 3. Let C(t) C {1,--- , N} denote
the set of locally cached contents at time ¢. A subset of the
cached contents could be updated at the central server once
or multiple times since they were last fetched. Let v, (t) > 0
be the number of times Content n € C(¢) has been updated
since it was last fetched until time ¢.! We refer to v, (t) as the
age-of-version (AoV) of Content n at time ¢. Note that the
AoVs of the cached contents are not observable at the BS.

C. Wireless Channel Dynamics

Let G(t) € {0,1} denote the state of the wireless channel
between the BS and an arbitrary user at time ¢. If G(t) = 1
then the BS can successfully transmit the content to the user
at time it and if G(¢) = O then it cannot. We assume that the
channels between the BS and different users are identically
distributed. In particular, we let G(t),t > 0 be Bernoulli(q).
The wireless channel states are also not observable at the BS.

D. Content Fetching, Ageing and Missing Costs
If a content, say Content n, is requested at time ¢, one of
the following scenarios may occur.

(a) Content n is found at the edge cache. In this case,
the edge cache can serve the cached version. However,

h

'We use the phrases “n'" content” and “Content n” interchangeably.
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the users detest receiving stale versions of the contents
which is captured via ageing costs. We assume that
serving a cached content incurs an ageing cost ¢,y (t)
where ¢, is the ageing cost per content update. Alterna-
tively, the edge cache can also fetch the latest version
of content n and serve, incurring a constant ferching
cost cy. The newly fetched copy replaces the existing
one in the cache. Finally, the edge cache can also deny
serving the request incurring a missing cost c¢,,. If the
serving attempt fails due to the wireless channel state
G(t) being 0, then also a missing cost ¢, is incurred.
In this case, no ageing cost is incurred.

(b) Content n is not found at the edge cache. Then the edge
cache can fetch the content at a cost ¢y and serve. The
fetched content either can replace an existing content
in the cache or can be discarded after serving. Alter-
natively, the edge cache can deny serving the request
incurring a cost ¢,,. If the edge cache cannot serve
the content due Gy(t) being 0, them also a cost ¢,
is incurred.

Remark 1: The content fetching cost can be measured in
terms of the cost of procuring it from the server and the
associated latency. The ageing cost reflects the negative impact
of using stale data which leads to degradation of quality of
experience (QoE) of the users. The QoE is often inferred from
the user engagement metrics, such as click through rate (CTR)
or watch time (WT) in platforms like YouTube, Facebook, Web
Commerce, etc. In these scenarios, the ageing cost captures
the reduction of the average CTR or WT. The missing cost is
incurred when the cache denies service or is unable to serve
the content due to downlink channel failure. It represents the
additional latency and operational costs.

We assume same content fetching, ageing and missing costs
for all the contents for notaional simplicity. Our analysis and
the algorithm also apply when these parameters are different
for different contents.

Let t, > 0 and e € {1,---, N} denote the k' request
epoch and identity of the requested content at ¢, respectively.
Let G, be the state of the wireless channel between the edge
cache and the requesting user at t;, with E[G] = ¢. Let v}
be the AoV of content n at ;. The edge cache does not have
access to the AoV of the contents. However, the edge cache
knows the rate (\,,) at which the contents are getting updated.
Let us represent various actions using numbers 0, 1,2 and 3
whose annotations are as in Figure 1. Further, let a}; denote the
action at ¢, vis a vis Content n € C(t5)U{er}; az* € {0, 1,2}
if {ex} € C(ty) or the requested content is cached, a;* €
{1,2,3} if e, ¢ C(t1) or the requested content is not cached,
and a} € {0,2} otherwise. We illustrate the annotations of
actions in Figure 1.

Let C), denotes the cost at ¢;. Hence,

C;c = l{aZk:E{1’3}}Cf + Gkﬂ{ai"‘:O}caVzk
+ (1= GO Lreqonay + Loy ) e (1)

Further, let A(T') denote the total number of requests until
time T; A(T) = max{k : ty < T} and E[A(T)] = 8T.
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E. The Optimal Content Fetching, Caching and Delivery
Problem

The optimal content fetching, caching and delivery problem
taking actions that minimize the time average content fetching,
ageing and missing costs subject to edge cache capacity
constraints. It can be expressed more precisely as

A(T)
min hm — Z Ch @)
N
s U Tapeqoayy =M, Vk > 1 (3)
n=1

Remark 2: Treating (C(tr),ex, vy, n € C(ty)), (af,n €
C(ty) U{er}) and (erq1, v, 1,n € C(try1)) as the state, the
action and the random noise, respectively, at i, we can pose
the above problem as a MDP.

Since the AoV of the contents or v;’s are not observable
at the edge cache before taking any actions. The problem (2)
falls under the class of POMDP. This POMDP suffers from
curse of dimensionality. However, we notice that the actions
and state evolutions of different contents are only coupled
through the cache capacity constraint (3). Hence, we formulate
the problem as continuous time restless multi-armed bandit
process (RMAB) and Whittle index policy [25] generally
performs well as a heuristic policy to RMAB problems.
Observe that, unlike the classical RMAB setting with binary
actions, we have more state dependent actions (see Figure 1),
rendering the problem complex.

1) Whittle Index Policy: We consider the following relaxed
constraint instead of the hard constraint (3):

1 A(T) N
Tlggo ol kz:l nz:l Laretoay | =M 4)

Hence, we can write the Lagrangian of the problem (2) subject
to the relaxed constraint (4) with multiplier C}, as follows:

A(T)
i 7B |3 0
A(T) N
+Ch TIE)I;O 7E kzl nzl]].{a €{0,1}} -M
N A(T) o
*nlehjnw* ch]l{ek mt g Hapetoryy | —CnM
N
=Y _ V"(Ch) — CpM. 5)
n=1

Minimizing (2) subject to (4) entails first minimizing (5) for all
C', and then maximizing the optimal values, say V (C},), over
all C},. Let the optimal solution to the relaxed problem (5) be
V. The optimal policy for the relaxed problem does not offer
a feasible policy for the original problem as it does satisfy
the hard capacity constraints at each t;. However, this policy
provides “Whittle indices” associated with different states of
all the contents which in turn can be used to design a feasible
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Fig. 2. Possible actions for the requested content, Content e, € C(¢y), in
presence of the holding cost. The action serve the cached version and evict
is added Figure 1. Annotations of the other actions have also changed.

policy for the original problem. If all the contents are indexable
the Whittle index policy computes the Whittle indices for
each content and choose M contents to cache having highest
indices. We formally define indexability of a content and
Whittle index policy fin Section IV. We further denote V and
Viy to be the optimal cost and the cost under Whittle index
policy of the original problem, i.e, (2) subject to the hard
constraint (3). Then, it is easy to show that V< 1% < Vw
[26]. According to Whittle’s conjecture [25], as the number
of contents N grows to infinity and the cache size M also
increases proportionally with /V, the value under Whittle index
policy approaches to the value of the optimal policy of the
relaxed problem, i.e., the optimal content fetching, caching and
delivery problem (2) subject to (4). In the following section
we obtain the optimal policy of the single content problem
with holding cost CY,.

Observe that in minimizing (5) the optimization problems
corresponding to different contents are decoupled. Moreover,
the Lagrange multiplier C}, can be interpreted as the holding
cost per unit time for the cached contents. So, in Section III,
we focus on a single content problem with holding cost C},.
Note that the optimal policy will always keep the content for
Ch, < 0. Hence, as in [27], we are interested in C}, > 0. We
design a Whittle index based policy in Section IV.

III. SINGLE CONTENT PROBLEM WITH HOLDING COST

In this section, we focus on a single content problem with
holding cost C},. Suppose the content ey, is requested at ty,
and ey, € C(tx). Since there is a holding cost associated with
keeping the content ej in the cache, each action in {0,1}
in Figure 1 can further be split into two actions specifying
whether to keep or evict the content after serving. Therefore
we introduce actions 3 and 4 as fetch, serve and evict and
serve the cached version and evict, respectively, in Figure 2.
Furthermore, it can be argued that for C}, > 0, if the optimal
action is 2 or do not serve then it will be optimal to evict
the content. Hence, we consider action 2 as do not serve and
evict for the content ej, € C(tx). For e;, ¢ C(t;) and for n €
C(tr) \ {ex}, the associated action sets remain as in Figure 1.

We now discuss the optimal content fetching and caching
problem associated with a tagged content. We omit the content
indices in the notation for brevity.
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Let t;, be the k*" request epoch across all the contents. At
ti, the tagged content is requested with probability p. Recall
that v, Gg, and e are the AoV, channel state and requested
content, respectively at ¢;. We aim to minimize the following
average cost for single content:

A(T)
A T]E{ kZ_l (Gkﬂ{ake{w}}ca% + Laveqrapcs

+ (1 = Gi)L{aref0,1,3.41) + Liap=2}) Cm

+ Liapeqo.13y (tres1 — tk)0h>:| (6)

The AoV of the content, v; can be observed only when
the content is fetched from the central server. However, the
average ageing cost at epoch k can be captured via the time
elapsed since it was last fetched and cached. We denote
this quantity as 7, := ¢t —max{t; : | < k : ay = 1}.
The expected AoV at epoch k, E[vy] = A7. Hence, we
reformulate the above POMDP problem (6) as a Markov
decision process considering 7 instead of vy as a part of
the state. Let By and Y}, be the two indicator variables for the
tagged content. Bj indicates whether the requested content
at tp is the tagged content; B = 1 if e, is the tagged
content and O otherwise. If the tagged content is cached, then
Y: = 1 and 0, otherwise. We denote, s, = (7y, Yy, By) if
Y, = 1 and s, = (Yj, By) if Y, = 0. Hence, the state space is
S:={(r,1,B),(0,B),7 > 0,B € {0,1}}. The time interval
between k' and (k + 1) request epoch is exponentially
distributed with parameter f3.

Given s;, = (7,1, B), at ;1 the state will be as follows.

(r+A7,1,B), ifap=0
sk+1 = (AT, 1, B'), ifap =1 (7
(0, B), if ay € {2,3,4)

where A7 ~ exp(f) and B’ ~ Bernoulli(p). Given, s =
(0,1), at ti41 the state will be as follows.

(AT, l,B’), ifap, =1
Sk+1 = , . (®)
(0,B), if a, € {2,3}.

Recall from Figure 1 that action 0 is not applicable when the
state is (0,1) and no action is taken when the state is (0, 0).
Given, s = (0,0), sp+1 will be (0, B’). The expected single
stage cost for a state action pair (s,a) is given by

c=(s,a)
Ch
qca AT L acq0,4)) 05 1{116{1,3}}"1'? Tiacioany

(1= @) 1{ac(o1,3,43} + Laz2}) Cm.,if s=(7,1,1)

h
¢fliaefrsyy + B
+ ((1 - Q)]l{ae{l,?)}} + l{a:Z}) Cm,if s = (07 1)

Fh]l{azo},if s =(r,1,0)
0,if s = (0,0).

Lio=1}

€))
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Hence, the cost function under an admissible policy 7 =

{p“07p“17 i } is
1 A(T)
Jn()= Jim gt B ;; sk ar)lso=s|  (10)
1 A(T)
g T PRAA S

where ap, = pi(sk) and J.(s) is the solution under optimal
policy. It can be shown from [28] that J(s) and J.(s) are
independent of s since the embedded discrete time Markov
chains of the problems (10) and (11) have single recurrent
classes. Moreover, Bellman’s equation for the continuous
time Markov decision problem is similar to the discrete-time
problems [28, Chapter 5,Section 5.3]. Suppose, h(s) and 6
are the relative cost function of state s and optimal cost,
respectively. Let us denote

Ly(7) = /m Be P (ph(t +7,1,1) + (1 — p)h(t + 7,1,0))dt.
' (12)

Then Bellman’s equations from each state are as follows [28,
Chapter 5,Section 5.3]:

Cn—0
B

h(7,1,1) :min{qca)\7+ (1=q)em + + Lo(7),

Cp—0
¢s + (1= q)em + =5 + Lo(0),

geadT + (1= g)em — % +ph(0,1) + (1 — p)h(0,0),

er + (1= q)em — % +ph(0,1) + (1 — p)h(0,0),

= 5+ Ph(0.1) + (1= A0 o>}
Cp—0

13)

h(7,1,0)=min { +Lo(7),

—g—i—ph(O, 1)+(1 — p)h(0, 0)}

B
h(0,1)=min {cf +(1—q)em+ Cn =9

(14)

+ LO(O)7

cr+ (1 —q)em — % + ph(0,1) + (1 — p)h(0,0),

= G+ HO1) + (1= PO, o>} (15)

h(0,0) = —% + ph(0,1) + (1 — p)h(0,0)

0

= h(0,0) o + Rh(0,1).

The following lemma characterizes h(7,1,1) and h(7, 1,0).

Lemma 1: (a) Both h(r,1,1) and h(7,1,0) are non-
decreasing in .

(b) For a given r > 0, L,(7) is non-decreasing in 7.

Proof: (a) The proof of this lemma uses induction and
relative value iteration and is standard [28].

(16)
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TABLE I
STATES AND OPTIMAL ACTIONS IN CASE j (§ € {1,2})

Holding Optimal policy (7*) Optimal
cost (Cp) s=(r,1,1) s = (7,1,0) s=(0,1) cost (6)
0 form < 71* N
Ch=0 m*(s) = 1for r > 7% 7*(s) =0 m*(s) =1 0 = pBgcaAT* + pB(1 — ¢)em
0form <7 0 for + < 7
0<Cp<Ij|n*(s)=qdfor T<T<F |7*(s)= =7 m™*(s) =1 0 = pBca AT + pB(1 — ¢)em
- 2forT>T
1forT>T7
Cp > 1 Not applicable Not applicable T (s) = {g iii z ; 0= {ngjf: :;;1:72(1)07”) itj=1

(b) Since h(7,1,1) and h(r,1,0) are non-decreasing in T,
the integrand in L, (7) is also non-decreasing in 7. Hence
L, (7) is non-decreasing in 7. |

We now state the optimal policy for the single content
problem with holding cost.

Theorem 2: Define 7° := Lo, =
4ca Ca
) 1 \/( 1 )2 2y
T =—-——+ —
pB B pPBcaA

Let 7 and 7 are the solutions to the following two equations:

—2
DBge A <%f - ;) O+ el \F—cp =0 (17)
. C
~_ = -B(F-T) _ 1 _ h 1
B(F—7)+e Daeh (18)

Following are three cases and the optimal policy 7* in each
of these.

1) %f < ¢,,: Let us define

0
I :=pBey — pgeaA(1 — e BT ).

Then the optimal actions are as described in Table I.
Additionally, 0 < 7 < ™ < 7 < 79,
2) ¢m < %f < e+ % Let us define

I := pBaca M7 — Tmin) + paeare® T~ — pae, A

where T, is the solution to the following equation.

=2
pﬁqcak% + pge AT (1 — e?T7) 4 gy, — ¢ = 0.

Again, the optimal actions are as in Table I. Additionally,
ngmin§?<r;<%§%,

9> em + ’;"i “x. The optimally controlled Markov
chain has only two recurrent states (0, 1) and (0, 0). The
optimal action is 2 or do not serve and evict and the

optimal cost 8 = pfBcy,.

3)

Remark 3: Theorem 2 establishes that the optimal policy for
the single user problem is of threshold type for a given value
of (', where the threshold is on the time elapsed since a fresh
version of the content is fetched and cached (7). Moreover,
it provides closed forms of the thresholds for different values
of C}, in Table 1. For sufficiently large c,, and ¢ = 1, the
optimal policy for the single content problem with holding
cost (Theorem 2) becomes the same as [11, Theorem 2] where

channel failures and the action do not serve have not been
considered.

Proof: We outline the proof of this theorem. The detailed
proof can be found in Appendix A (See the Supplementary
Material). We consider the following two cases separately.

a. %+L0(O) < h(0,0)+min{ge,, —cys,0}. In this case

the optimally controlled Markov chain with state space
S is ergodic. We show that this occurs if 0 < Cp, < I

for j € {1,2} and if 0 < % < ¢, + 2%,
Gt + Lo(0) > h(0,0) + min{ge,, — ¢s,0}. In this
case the states (7,1, 0) and (7, 1, 1) are transient whereas
the states S’ := {(0,0),(0,1)} constitute a recurrent
communicating class. 2We show that this case occurs if
either %’ > Cm 4+ pQ;Zj or Cp, > I; for j € {1,2} and
0< S <ep+ B,
We derive the optimal actions in each cases. In particular, in
each of these cases we derive the ranges of C},, the optimal
policy and the optimal costs ur;der three conditions, glamely,
C—fgcm,cm<c—f§cm+g€?)’\"and%>cm+% |
Remark 4 (Transient states): Note from Theorem 2 that
the optimal action for the state (0, 1) is do not serve if either
%f >cm+pﬁc$” or Cp > I; for j € {1,2} and 0 < %f <

2¢ca A
2
Cm + 2% Hence, given the initial state (0,1) or (0,0) the

Markov chain under optimal policy never reaches (7, 1,0) or
(7,1,1). However, if the initial states are (7,1,0) or (7,1,1).
Then the optimal action for (7,1,0) will be action 2 or evict
and the next state will be either (0,0) or (0,1). The optimal
action for the state (7,1,1) will be in {2,3} and the next
state will be either (0,0) or (0, 1). So, the states (7,1,0)) and
(7,1,1) are transient states.

The following lemma characterizes 7 and 7 in Theorem 2.
We use this characterization in developing Whittle index based
policy in Section IV.

Lemma 3:

1) The equations (17) and (18) are satisfied for unique non-
negative values of 7 and 7.

2) 7 and 7 are decreasing and increasing function of CY,
for 0 < Cy, < I;, where j € {1,2} as in Theorem 2
respectively.

Proof: This proof is similar to the proof of [29,

Lemma 3]. |

Remark 5 (Structure of the optimal policy): In Figures 3

and 4, we plot the threshold values of 7 as we vary C}, and
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T
fetch, serve and
0| cache

serve the cached
version and ewct

L)

T serve the
cached version
and keep

(b) s = (7,1,0)

0 ll
Cp—

@s=(r,1,1)

Fig. 3. Optimal policy structure with respect to C}, for the state (7,1, 1) and
(7,1,0) when 7f < ¢m.

indicate various regions depending upon optimal actions for
the states (,1,1) and (7,1, 0), respectively. Figures 3 and 4
show the optimal policy structure for f < ¢y and ¢y, < %f <

pBcl,
2¢cq N\’

(a) Figure 3a describes the optimal actions for the state
(1,1,1). When C}, = 0, it is optimal to keep the content
V7. The optimal policy serves the cached version for
7 < 7% and fetches and serve, otherwise. For 0 < C}, <
I, the optimal action is serve the cached version and
keep for T < T, serve the cached version and evict for
T < 1 < 7, and fetch, serve and cache for T > T.

(b) Figure 3b describes the optimal policy of the state
(1,1,0). Note that, the optimal policy for the state
(1,1,0) can be derived from the optimal policy of the
state (7,1, 1), in particular, from the line that represents
7 (see Figure 3a). For C}, = 0, it is always optimal to
keep, for 0 < C} < I, the optimal action is keep for
7 < T and evict for 7 > 7. For C}, > I, the optimal
action is evict for all 7.

respectively.

In Figures 3a and 3b we observe that as C}, increases the set of
7 for which the optimal action is evict expands and becomes
R, beyond I;. We see similar trends in Figures 4a and 4b.

In the next section, we establish indexability of the single
content problem with holding cost and provide explicit char-
acterizations of the Whittle indices.

IV. WHITTLE INDEX BASED CONTENT CACHING

In this section, we show that the single content MDP is
indexable. We then compute the Whittle indices for each
content n € C(tx) U eg. Finally, we provide a Whittle-index
based policy for (2) subject to (3) in Section IV-A. We start
with defining the notions of passive sets and indexability.

A. Passive Sets

The passive set of a content under the holding cost C, is
the subset of the states in S for which the optimal action is
evict, do not serve or discard as applicable. Depending upon
the relation between cy and c,,, we have the following as the
passive sets:

D) If <L < ¢, then P(Ch) = {s: Z*(s) €{2,3,4}}.
DI ey < 2L < e+ P then P(Ch) =

{s:7m*(s) € {2»42}}-
3) If £ > e+ 5%, then P(C) = {s: 7 (s) = 2}.

1089

B. Indexability

A content is called indexable if its passive set is nonde-
creasing in Cy, [30], i.e., P(Ch,) C P(Ch,)for Cp, < Ch,.
The RMAB problem under consideration is called indexable
if every content is indexable.

From Theorem 2, a content is never cached if the corre-
sponding f > Cp + ’;ﬁ “m Hence, in this case, the content’s
passive set is the whole state space for any value of C’h In

< Cm + 20,17)'\1

the following analysis, we assume that £ for
all the contents.

Theorem 4: Each content is indexable.

Proof: See Appendix B. (See the Supplementary
Material) |

From Theorem 4, the multi-content RMAB problem is also
indexable. We now define the Whittle indices associated with
a content.

1) Whittle Index: The Whittle index W (s) associated with
a state s of a content is the minimum holding cost that moves
this state from the active set to the passive set. Equivalently,
W(s) = min{C}, : s € P(Ch)}.

In general the parameters 7,7, 7,7°,7 etc. mentioned in
Theorem 2 can be different for different contents. Hence the
Whittle indices for different contents will also be different.
Let W™ (s) refer to the Whittle index associated with state s
of content n. We now describe a scenario where the contents
need to contend for the cache storage and how their Whittle
indices could be used to resolve resolve this contention.

2) Whittle Index Based Caching: Let us consider the case
where the requested content is not in the cache, i.e., ¢ ¢
C(t). If the edge cache fetches ej to serve, it must also
decide if e; should replace a content in C(tx) or e should
be discarded after serving. In other words, the edge cache
must decide which M of the M + 1 contents C(t;) U ey
should be kept in the cache. Towards this we compare the
Whittle indices of the contents C'(tx) U ey, for their respective
states and keep the M contents with the highest indices in
the caches. Each content n € C(f) is in state (777,1,0)
and ey, is in the state (0, 1). The following theorem provides
explicit expressions for the Whittle indices W™ (s) for the
states s € {(7",1,0),(0,1)}.

Theorem 5: We consider the following three cases sepa-
rately.

1) % < ¢m: For n € C(ty,)

0

Cr(t™) if 77 < 77

19
0, it s )

wn((rt",1,0)) = {

where (Ch(7™),7(7™)) is the unique solution to the
equations

n\2
pnﬂqca)\n (%Tn - (7-2)) - Cth + qca)\n% - Cf = O
(20)
Ch

=0.
pncaAn

B(F —7™) +e P 1 (21)

Bey
qcarn |,

wn™((0,1)) = PnBCF — PnGCan <1 e
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2) ¢m < %f < cm+ 2 20,\ : For any n, W™(7",1,0) is
same as in Case 3a for 77 > Tmin and W™ (7" 1, 0) =
W™(0,1), otherwise, where
W™(0,1) = prBacarn (P —Tmin) +PngcaAne P~ Tmin)

- anca)\n,
T = CZ’;n and Ty;n 1s the unique solution to
f2 —(1 _ PO
PBACadn = +PgcarnT(1 —¢ )+ qem —c5 = 0.
cr pnﬁcil
3) - > cm  t+ T For all n,

W (rn 1,0=Ww7(0,1)=0.
Proof: Let us consider a content n € C(tk) with state
(7™,1,0). Suppose, 0 < %’" < ¢+ p"ﬁc . Whittle index
of content 7 is the minimum C}, for wh1ch T *(r™,1,0) = 2.
From Theorem 2, 7*(7",1,0) = 2 if 7™ > 7(C}) where
7(C},) is solution to (17) and (18). From Lemma 3, 7(C4)
is decreasing in C},. Hence, substituting 7 = 7"p = p,, and
A=\, in (17) and (18) and solving for C}, gives minimum
value of Cj, for which 7*(7",1,0) 2. In other words,
Whittle index is the unique C}, that solves (20) and (21). The
content n = ej, has state (0,1). We note that from Table I,
for O}, < I]”, the optimal action is 1 and for C}, > I, the
optimal action is 3 for j = 1 and 2 for ; = 2. Hence the
Whittle index for ey, is I7'.

cr pnBc2,
If 7 > Cm —+ 2Ca n

optimal to evict, and hence, wn(r™,1,0) =

, then from Theorem 2, it is always
wn(0,1) = 0.1

C. Content Caching and Delivery Policy

We now describe the Whittle index based content fetching,
caching and delivery policy. Towards this, let us revisit the set
of available actions as shown in Figure 1.

(a) If the requested content is in the cache, i.e., ex € C(tx),
then ey, is in state (7.*,1,1) whereas the other contents
n € C(tx) \ ek are in states (7;7,1,0). In this case no
content needs to be evicted irrespective of the action.
Hence, the optimal actions are same as for of Cj, =0

in Theorem 2 (see Table I). If Cf <?Z "kﬁ “m then the
optimal action for the requested content 1s
(a) O or serve the cached copy if 7 < 7¢¢*
(b) 1 or fetch and cache if 7 > 7¢+*
2
ep* _ _ 1 1 2¢y
where 7% = e, P + \/(p%ﬂ) + e Bacarer " The

optimal actions for the other contents are 0. If C—f

’;“c’“i ™ then the optimal action for the requested content

is 2 or do not serve and for the other contents is 0.

If the requested content is not in the cache, i.e.,
er ¢ C(tr), then each content n € C(tj) is in state
(177,1,0) whereas ey, is in state (0, 1). The caching and
eviction decisions are taken based on Whittle indices
W™(1r,1,0) for n € C(t;) and We*(0, 1) as described
in Theorem 5. More precisely, the optimal actions for
the contents C(t;) U {ex} are as follows.

(a) If %f < ¢,, then fetch e; and serve.

>

(b)

IEEE TRANSACTIONS ON NETWORKING, VOL. 34, 2026

i) If We(0,1) > minpee(,) W (7, 1,0),
then cache e, and evict a n €
arg min,cc(s,) W™ (17, 1,0).
i) If We(0,1) < min,ece(s,) W™ (77,1,0) then
discard ey.
2
(0) If ey < & <y + a0
aXey,
i) If We(0,1) > miny,ecn,) W™ (7, 1,0) then
fetch, serve and cache e; and evict a n €
arg min, ec () W (711, 1,0).
i) If We(0,1) < minpec(r,) W" (77, 1,0) then
do not serve ey.
(© If & > ey + ”%5
1) Computatzon of thttle Indzces To compute the Whittle
indices (20) and (21) need to be solved for each n € C(ty).
Recall that 7" is the time elapsed since the content n is last
fetched and cached. Observe from (20) that 7 linear in C},.
We replace 7 as a function of C}, in (21) to get an equation
in C}, that has a unique solution. The solution to this equation
is the Whittle index for the content n. For a given 7", the
Whittle index can be computed with relative error O(27%)
and complexity O(log®K) using Newton’s method [31]. The
Whittle indices as a function of 7" can be computed offline.
On the other hand we can tabulate discrete (approximate)
values of the Whittle indices for discrete values of 7" as
follows. For each content n

™ then do not serve e;..

1) Compute the range of potential values Cj, [0, I}'], from
Theorem 2.

2) For each discrete value of Cj, in [0, '] compute the
corresponding values of 7" and 7", say 7"(C}) and
77(C},), from (20) and (21).

Note that, (20) is a quadratic equation in 7" for a given T,
and so, it gives a closed form expression for 7" in terms of
7. On the other hand, (21) can be solved for 7 — 7"; it has
computational complexity O(log®K) where O(27%) is the
allowed relative error [31]. The two solutions together give
7 and 7". Hence, if [0, [7] is discretized into L values, the
complexity of computing 7"(C},) at all the discrete points is
Oo(Ly log® K). At any decision epoch, to obtain the Whittle
index W"(7",1,0), we identify the closest 7"(C},) to the
given 7™ (age of the content n), and then use the associated
C}, as the Whittle index. The computation of Whittle indices
is done offline. At each decision epoch, the policy merely
compares the M + 1 indices of the cached and the requested
contents. Hence, its complexity at each epoch is O(M).

V. SINGLE VS. DISTRIBUTED CACHE

In this section we compare the performance of the proposed
content fetching, caching and delivery policy to that of a
multi-cache framework based policy in [13]. The authors
n [13] propose a multi-cache and static caching framework
to facilitate regular content fetching and delivery and also
propose a policy based on this framework. We first describe
their framework and their policy.

There is a set of K caches connected to a server via a wire-
less broadcast channel. When a cache fetches the content from
the server, every cache receives the content with probability «,
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independently of the other caches. However, the caches have
reliable connections to the users and cannot deny service upon
being requested. These correspond to ¢ = 1 and ¢,,, = 00 in
our model in Section II. The content update and request arrival
processes and the fetching and the ageing costs are as in our
model. The proposed static caching framework is as follows.
Each cache k € {1,2,---, K} stores a subset of the contents.
Let Z,, be the set of caches where content n is stored. Content
requests are probabilistically split among the caches. More
precisely, each request is directed to cache k£ with probability
s where Zszl s = 1. If a content n is requested, there can
be two cases.

(a) The request is directed to the a cache k € Z,: In this
case, cache k serves the cached version to the user,
incurring an ageing cost c,v* where v” is the AoV of
content n at cache k.

The request is directed to the a cache k ¢ Z,,: In this case
cache k fetches a fresh version of the content from the
server. If the fetching attempt fails, cache &k reattempts
to fetch and continues to do so until a successful fetch
happens, incurring an average fetching cost %f Cache
k discards content n after serving it. Other caches in
{1,2,..., K} \ Z,, also ignore it. But the caches in Z,
update content n when they overhear its updated version.

(b)

Let us analyze the cache update rate in the above framework.
Recall that a content n is fetched upon being requested if the
request is directed to a cache in {1,2,..., K} \ Z,, i.e., with
probability (1 -3 jez, S j). Any cache in Z,, updates content
n on overhearing its fresh version. Hence the content update
rate at any cache k € Z,, is p, = Bpn (1 — ZjEIn sj> Pu
where p,, is the probability of content n being updated at cache
k while being fetched by a cache j ¢ Z,,. The probability of a
successful fetch of content n at cache j requiring ! attempts is
a(1 —a)~Y and the probability of content n being updated
a cache k after | attempts by cache j is (1 — (1 —«a)!). Hence

pe=3all— @)V - (1—a)) = -
=1

2—«
BDn
n — 1
H 2—«

We would like to point out that the expression in [13, Equation
(2)] misses the factor (2 — «). Note that there are no a priori
restrictions on the number of caches or the cache sizes.

We now present the optimal number of caches, the optimal
caching policy and the optimal cost under the above multi-
cache framework, as analyzed in [13]. Following [13, Theorem

and so,

SHl

keZ,

1], we define vy := Bp,, maX{O,l — <1 Bow
content n. Without any loss of generality, assume that the
contents are ordered such that y;, >y, for all n > 1. The
optimal number of caches is

K*=/{n:y; >0}}+1 (22)
Content 1 is stored in caches {1,--- , K*}, content 2 is stored
in caches {2,--- , K*} and so on whereas no content is stored
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Fig. 4. Optimal policy structure with respect to C, for the state (7,1, 1) and

2
(1,1,0) when ¢ < %f <ecm+ 2’85(:")\

in cache K*. More precisely, Z, = {n,--- , K* —1} for 1 <
n < K*—1and Z, = ) for all n > K*. The optimal cost is

* 2
LBy S ——  [¢iBpa
o=t ;:1: <\/ca)\n(2 @)L )

Finally, an upper bound on the cache occupancy is
1
B* = 5K*(K* —1).

We compare the cost of our Whittle index based policy for
a single cache as proposed in Section IV-A to the cost of
the above policy for the multi-cache framework. We keep the
content update rates, the request arrival rates, and the ageing
and fetching costs same. More precisely, we set ¢ = 1, ¢,, =
oo and the fetching cost to be %f in our model. Moreover, we
consider the cache capacity to be K*—1. Note that the caching
policy in [13] caches K* — 1 contents across K* — 1 caches
but requires a higher aggregate cache capacity B*. In their
policy, two different caches can have same or different versions
of the same content. We demonstrate in Section VI-D that
our Whittle index based policy outperforms the static policy
in [13] (see Figure 13). It is worth noting that the policy in
[13] might end up caching all the contents across as many
caches as their framework does not put a restriction on cache
capacity. For instance, if there are 1000 contents with A =
0.05, B = 40,¢5 = 1,¢, = 0.1, @ = 0.9 and p,, < = then
K* —1 = 1000. So, under the policy in [13], all the 1000
contents are cached across 1000 caches.

VI. NUMERICAL RESULTS

In this section, we validate our analytical results via simula-
tion. In particular, we plot the optimal policy structure of the
single content problem for various parameters (Theorem 2).
We the illustrate the performance of our Whittle index based
policy by comparing it to a few existing policies. Finally,
we explore how variations in the key parameters impact the
average cost under the Whittle index based policy.

A. Optimal Policy Structure

We plot the optimal policy structure for a tagged content
in states (7,1,1) in Figure 5. Recall from Remark 5 that the
optimal action for a state (7,1,0) can be derived from the
optimal action for the state (7,1,1). The optimal action for
the state (0, 1) is straightforward from Theorem 2. We consider
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Fig. 5. Optimal policy structure when % < . The optimal action in the
region between line 2 and C},-axis, between line 1 and 2, and between line
1 and 7-axis are serve the cached version and keep, serve the cached version
and evict, and fetch, serve and cache, respectively.

100 > 100 7
7’ 7
80 = =Line 1: 7 80
=——Line 2: 7
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20 20 ersion a o
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0 0.5 1 1.5 2 0 1 15 2

Ch Ch
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2

Fig. 6. Optimal policy structure when ¢, < % <cm—+ I;ipg’\‘ . The optimal
action in the region between line 2 and C',-axis, between line 1 and 2, and
between line 1 and 7-axis are serve the cached version and keep, serve the
cached version and evict, and fetch, serve and cache, respectively.

the request rate § = 10, the probability of requesting the
tagged content p = 0.5, the ageing cost ¢, = 0.5, the update
rate of the content A = 0.01 wireless channel state distribution
parameter ¢ = 0.7. We consider the following two cases.

1) %f < ¢ This is case 1 in Theorem 2. We consider
two sets of the parameters ¢y and ¢, (a)cy = 1,¢p, = 2
and (b)cy = 10,¢,, = 20, both satisfying this case. From
Theorem 2, 7*, 7, 7 and I; do not depend on c¢,,. So,
changing c,, alone does not change the optimal policy as
long as the condition & < ¢, is satisfied. We observe in
Figures 5a and 5b that for a larger c; the optimal policy is
more inclined towards serving the cached content than fetching
and serving the fresh version. In particular, the set of (C, 7)
for which the optimal action action is fetch, serve and cache
shrinks as c; increases. From Remark 4, it is optimal to fetch,
serve and discard the content for C;, > I;. The values of
I corresponding to the settings (a) and (b) are 5 and 50,
respectively. This implies that for a larger fetching cost the
optimal policy is more inclined towards keeping the content
in the cache than serving and discarding it.

2) ey < %f < cm + gﬁjﬁ\: We fix ¢; = 2 and consider
two different values of c¢,,, 1 and 0.5. The values of I
corresponding to ¢,, = 0.5 and ¢,, = 1 are 1.5 and 3.28,
respectively. So, the optimal action for C', > 1.5 is to serve the
content in Figure 6a and not to serve the content in Figure 6b.
From Theorem 2, 7*, 7 and 7 are not affected by c,, if
Cr < Is. Hence, for C;, < I, the optimal policy does not
depend upon c,,. Consequently, the regions corresponding to
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Fig. 7. Optimal policy structure for different values of c,. The optimal action
in the region between line 2 and C,-axis, between line 1 and 2, and between
line 1 and 7-axis are serve the cached version and keep, serve the cached
version and evict, and fetch, serve and cache, respectively.

serve the cached version and keep, serve the cached version
and evict, and fetch, serve and cache, are same in Figures 6a
and 6b for C;, < 1.5. From Remark 4, for C}, > I, the
optimal action is do not serve the content. However, Iy is
increasing in c¢,,. Hence, for a lower value of c,,, the optimal
policy is more inclined towards not serving the content.

3) Optimal Policy Structure Under Different per Unit Age-
ing Costs c,: We set ¢y = 1, ¢, = 0.8, = 0.01 and
consider two different values of c¢,, 1 and 5. Observe that
these values satisfy ¢, < %f 25 The average

2

S Cm + 2027;\1"
ageing cost increases with c,, and so, the optimal policy is
more inclined towards fetching the content and serving than
serving the cached version. The set of (Cj, 7) for which the
optimal action is fetch, serve and cache is smaller in Figure 7a
than in Figure 7b. From Remark 4, the optimal action is do
not serve and evict for Cy, > I5. Furthermore, I, decreases
with ¢,; Io = 2.62 for ¢, = 1 and Iy = 2.4 for ¢, = 5. Hence,
for a larger ¢, the optimal policy is more inclined towards not
serving and evicting the content.

B. Performance Evaluation

We consider the number of contents N = 1000, the update
rate \,, = A = 0.01 for all n, the request rate 5 = 40 and
the popularity of the contents being distributed as Zipf (1),
1.e., pn X % We fix the fetching cost cy = 1, per unit ageing
cost ¢, = 0.01, and vary the missing cost. The probability of
wireless channel success ¢ = 0.7. We use these parameters
for performance analysis unless otherwise specified.

1) Optimality: We first compare the average cost under of
problem (2) under the proposed Whittle index based policy
to the optimal cost of the relaxed problem (5). For this we
consider two cases (a) &£ < ¢, and (b) &£ > ¢, as the
computation of Whittle indices are different for these cases
(Theorem 5). We use ¢,,, = 2 and ¢,,, = 1 for cases (a) and
(b), respectively. We numerically compute the average cost
of the relaxed RMAB problem using Table I. We observe in
Figures 8a and 8b that the average cost of problem (2) under
the Whittle index based policy is very close to the optimal
cost of the relaxed RMAB problem which acts as a lower
bound of the optimal cost of problem (2). This suggests that
the average cost under the Whittle index based policy is very
close to the optimal cost. i.e., the Whittle index based policy
is nearly optimal.
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Fig. 8. Performance of the Whittle index based policy. For each cache size,
its cost is close to the optimal value of the relaxed RMAB problem and is
much smaller than the cost of the myopic policy.

2) Comparison to a Myopic Policy: We compare the perfor-
mance of the Whittle index based policy and a myopic policy
based on [32, Section 4.3]. We first describe the myopic policy
which aims to minimize the sum of the current stage costs and
the terminal cost, treating the next state as the terminal state.

Let e; be the content requested at ¢;. One of the following
two cases can happen.

a) er € C(tr): Then the myopic policy prescribes the
action aj € argmin; C;, where C; s are the costs corre-
sponding to the actions j € {0, 1,2} (see Figure 1). It can be
seen that

1
CO,k = qCaATek + (1 - Q)cm + Dey, min{cfa qca/\(TEIC + 6) s

qcm} +pek(]— - Q)cm7

. Ca A
Cir=cr+ (1 —q)cym + pe, min {cf, qa,qcm}

B
+pek.(l 7Q)Cma
1
Cak = Cm + Pe, min {cf,qca)\ (Tek + 5) 7qcm}
+p€k(1 _Q)Cm

b) er ¢ C(tr): Then the myopic policy prescribes the
action aj, € argmin; C}, where C7 ;s are the costs corre-
sponding to the actions 5 € {1,2,3} (see Figure 1). It can be
seen that

C{,k =cf+(1—¢)epm + min {pn min{cy, gen }

neC(tk)
1

+ Z P Min {cf,qca)\ (Tl+> ,qcm}

leC(tr)\n ﬁ

»)
+ Z pn(l - q)cm} +pek min {Cfa qcﬁaqcm}
neC(t)
+ Pe, (1 = q)cm,
1
Cyp = Cm+ Z Dn (min {cf,qca/\ (T" + B) ,qcm}
neC(tx)

+ (1 - Q)Cm> +DPe,, min{Cf, qcm}"_pek(l - Q)Cmv

1
Cy = cr+(1=q)cm+ Z Dn (Hlin{cf,qca)\ <Tn+ﬁ> ’

neC(ty)

qcm}—l—(l—q)cm) +pe,, (min{cs, gem} + (1—q)cm) -
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Fig. 9. Variation in the average cost and its components with respect to ¢,

If action 1 is taken for e then one of the contents in C(¢)
needs to be evicted. The myopic policy prescribes to evict a
content n’ where

n' €argming, ey, {pn min{ey, gepn }

1
+ Z Yz min {Cf7qca>\ (Tl + B) aqcm} }

1eC(tr)\n

We consider the same parameters as in Section VI-B1. We
observe in Figures 8a and 8b that the Whittle index based
policy performs much better than the myopic policy.

3) Effect of the Missing Cost c,, on the Average Cost:
We set ¢ = 0.9,¢, = 10, the cache size M = 100, and
keep other parameters same as in Section VI-B. We consider
cm = 0.5,0.8,1.0,1.5,2.5 and 3.5. We observe the variations
in different components of the average cost as we vary c,.
Varying c,, leads to one of the two cases, %f > ey ife, < 1.1
and %f < ¢,, otherwise. We discuss these cases below.

a) %f > ¢, In this case, %f may also be larger than

2
C.
Com + PnBCh

sen for a few contents. The Whittle index based
policy does not serve these contents (see Section IV-A).
Hence, these contents incur only the missing costs, not the
ageing and fetchir;g costs. The number of contents for which
%f > cm + % reduces as c,, increases, resulting in an
increase in the number of services provided either by serving
cached contents or by fetching and serving fresh versions.
Consequentially, as ¢, increases the average missing cost
due to denying the requests (do not serve action) decreases
(Figure 9a), the average fetching and ageing costs increase
(Figures 9b and 9c), and the average missing cost due to
channel failures also increase (Figure 9d). The total average
missing cost may increase or decrease (see Figure 9¢). How-

ever, the total average cost increases with c,, as observed in

Figure 9g.f ) o o B

b) - < ¢, In this case, L < ¢, + e for all
the contents. From Theorem 5, the Whittle indices do not
depend on ¢, in this case. Moreover, following the discus-
sion in Section IV-C, the Whittle index based policy always
serves all the contents that are requested. Consequently, for
cm > 1.1, the average ageing and fetching costs do not vary

(Figures 9b and 9c), the average missing cost due to channel
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failures increases linearly with c,, (Figure 9d) and the average
missing cost due to service denial is O (Figure 9a). As a result,
both the average missing cost and the overall average cost
increase with c¢,, (see Figures 9a and 9f).

4) Effect of the per Unit Ageing Cost c, on the Average
Costs: We again consider two cases, %f < ¢, and %f > C-

a) %f <cm: Wesetcr =1, ¢, =2,q=0.9, M =100
and vary ¢, from 0.1 to 15, keeping the other parameters same
as in Section VI-B. In this case, the Whittle index based policy
always serves the requested contents, i.e., the missing cost
is merely due to the channel failures. It fetches a requested
content n if its age exceeds 7*" and serves the cached version
otherwise (see Section IV-A). Also, from Theorem 2, 7*"
decreases as c, increases. Hence, the proposed policy is more
inclined towards fetching fresh versions of requested contents
for larger c,. Consequently, as ¢, increases while keeping cy
and ¢, fixed, the average missing cost remains unchanged
(Figure 10a), the average fetching cost increases (Figure 10b),
the average rate at which cached contents are served decreases
but the average ageing cost increases (Figure 10a). Since
the average missing cost remains unchanged and the average
fetching and ageing costs increase with c,, the overall average
cost also increases (Figure 10b).

b) %f > ¢ We set ¢y = 1 and ¢, = 0.8 and vary
cq from 5 to 25 while keeping the other parameters same
as in the previous case. Recall that the Whittle index based
policy does not serve the requested contents n for which % >

Cm + g”cf f\z’: (see Section IV-C). The number of these contents
increases as ¢, increases, and so, the number of service denials
also increases. Therefore, as ¢, increases, the average missing
cost due to service denials increases (Figure 11a), the average
fetching and ageing costs decrease (Figures 11a and 11b), and
the average missing cost due to channel failures also decreases
(Figure 11b). We observe in Figure 11c that the overall average

missing cost and the overall average cost increases with ¢,.
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C. Comparison to the Policies in [6] and [12]

Abolhassani et al. have considered a similar caching model
as ours in [6] and have extended it to allow an unreliable
wireless edge between the server and cache in [12]. In contrast,
we consider an unreliable wireless channel between the cache
and the users. For comparison, we assume reliable channels
everywhere. In other words, we consider ¢ = 1. The problems
and the policies proposed in [6] and [12] become identical
under this hypothesis. Since [6], [12] do not consider service
denials, we also set the missing cost ¢,, = oo. Further, we
set ¢y =1, ¢g = 0.1, 8 = 40, and p,, < 1. Since %f < Cm,
the Whittle index based policy always serves the requested
contents. We observe in Figure 12 that the Whittle index based
policy outperforms the one in [6]. The policies in [6] and [12]
are static and do not require any runtime computation. On the
other hand, the Whittle index based policy requires O (M) at
each decision epoch, where M is the cache size. It must be
noted that the policies in [6] and [12] are evidently suboptimal
whereas the Whittle index based policy is asymptotically
optimal in the regime of large numbers contents and large
cache sizes.

D. Single Vs. Distributed Cache

We now compare performances of the proposed Whittle
index based policy and the policy in [13] which we described
in Section V. Recall that ¢ = 1 and ¢,, = oo in this case.
We set ¢ =1, ¢, = 0.1, 8 = 40, & = 0.9 and p, o L.
Since %f < ¢m, the Whittle index based policy always serves
the requested contents. We vary the update rate A from 0.1
to 1 and plot the average costs under the Whittle index based
policy and the policy in [13] in Figure 13. As discussed in
Section V, for sake of comparison, we assume the cache size
M = K* — 1 under our single cache framework.
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From (22), K* decreases as \ increases. The increase in
A and the resulting reduction in the cache size increase the
overall cost (see Figure 13). We also observe in Figure 13
that the Whittle index based policy performs much better than
the policy in [13].

VII. CONCLUSION

We have considered an optimal content fetching, caching
and delivery problem subject to hard cache capacity con-
straints. We have framed this problem as a restless multi-armed
bandit problem. In Theorem 2, we have provided the optimal
policy for the single content problem with holding cost. In
Theorem 4, we have proved the indexability of the single
content problem. In Theorem 5, we have computed the Whittle
indices. We have presented the Whittle index based policy to
solve the optimal content fetching and caching problem in
Section I'V-C. We have demonstrated that our proposed policy
outperforms the solution provided in [13] and offers almost
same performance as the optimal policy.

A potential future direction is to develop a policy where the
BS is unaware of the contents’ update rates and the request
rates. We would also like to extend this study to a network of
edge caches each having its own user base.
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