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Intros ion and Motivation

Opinion dynamics
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Opinion dynamics
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Introduction and Motivation

Preliminaries: opinion evolution models
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Figure: Graphical representation of interacting individuals

DeGroot's Model®
e Graph G = (V, &) with V: agents and £ : interactions

v
5DeGroot, M. H. (1974). Reaching a consensus. Journal of the American Statistical Association, 69(345), 118-121.
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Figure: Graphical representation of interacting individuals

DeGroot's Model®
e Graph G = (V, &) with V: agents and £ : interactions
x(k + 1) = Wx(k)

o W = [wj]: adjacency matrix of G
o w; >O0onlyif (j,i)e &
e W is row-stochastic

V.
5DeGroot, M. H. (1974). Reaching a consensus. Journal of the American Statistical Association, 69(345), 118-121.
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Preliminarlies: Opinion dynamics models (cntd.)

N
@

Figure: Graphical representation of interacting individuals with stubbornness

Friedkin Johnsen's Model®
e Graph G = (V, &) with V: agents and £ : interactions

OFriedkin, Noah E., and Eugene C. Johnsen. "Social influence and opinions.” Journal of Mathematical Sociology 15, no. 3-4 (1990): 193-206.
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Figure: Graphical representation of interacting individuals with stubbornness

Friedkin Johnsen's Model®
e Graph G = (V, &) with V: agents and £ : interactions

x(k +1) = (I — B)Wx(k) + 5x(0)

@ Stubbornness matrix 3 = diag(f1, ..., 8n);  Bi €[0,1] for i € {1,2,...,n}

OFriedkin, Noah E., and Eugene C. Johnsen. "Social influence and opinions.” Journal of Mathematical Sociology 15, no. 3-4 (1990): 193-206.
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Preliminarlies: Opinion dynamics models (cntd.)
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Figure: Graphical representation of interacting individuals with stubbornness

Friedkin Johnsen's Model®
e Graph G = (V, &) with V: agents and £ : interactions
x(k+1) = (I — p)Wx(k) + 5x(0)

@ Stubbornness matrix 3 = diag(f1, ..., 8n);  Bi €[0,1] for i € {1,2,...,n}

@ Explains persistent disagreement; better fit to human-subject experiments
than Bayesian models.

v
6Friedkin, Noah E., and Eugene C. Johnsen. "Social influence and opinions.” Journal of Mathematical Sociology 15, no. 3-4 (1990): 193-206.
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Steady state behaviours and influence centrality

Assumption 1

G is weakly connected with m > 1 stubborn agents, and each non-stubborn agent
has a path from at least one stubborn agent.

7Friedkin, N. E. (2015). The problem of social control and coordination of complex systems in sociology: A look at the community cleavage problem.
IEEE Control Systems Magazine, 35(3), 40-51.
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Steady state behaviours and influence centrality

Assumption 1

G is weakly connected with m > 1 stubborn agents, and each non-stubborn agent
has a path from at least one stubborn agent.

@ Opinions converge to:

x* = (I — (I — B)W)15x(0) (only stubborn initial opinions matter)

e Influence centrality’:

@ c depends on:
e Stubbornness ()
o Network Interactions (W)

7Friedkin, N. E. (2015). The problem of social control and coordination of complex systems in sociology: A look at the community cleavage problem.
IEEE Control Systems Magazine, 35(3), 40-51.
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Problem Formulation: Influence Enhancement Through Edge Modifications

© Problem Formulation: Influence Enhancement Through Edge Modifications
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Influence Enhancement Through Edge Modifications

Problem Formulation
o Consider a group of n interacting agents.
@ There are agents who want to increase their influence.

@ Example: advertising in social networks.
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Influence Enhancement Through Edge Modifications

Problem Formulation
o Consider a group of n interacting agents.
@ There are agents who want to increase their influence.

@ Example: advertising in social networks.
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Influence Enhancement Through Edge Modifications

Problem Formulation
o Consider a group of n interacting agents.
@ There are agents who want to increase their influence.

@ Example: advertising in social networks.

0.2/57 2 \1‘ Feasible solutions
1 0.7 3 @ Solution 1: increase agent
’ 1 stubbornness
03] o3 l e B
6 | 4 @ Solution 2: modify network
T B interactions (W)

Real world examples of edge modifications
@ design of social media feeds,
o targeted marketing campaigns,

@ coalition formations in politics, diplomacy, etc.
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Problem Formulation: Influence Enhancement Through Edge Modifications

Solution 1: increasing influence by changing stubbornness
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Figure: Network with two stubborn agents
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Problem Formulation: Influence Enhancement Through Edge Modifications

Solution 1: increasing influence by changing stubbornness
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Figure: Network with two stubborn agents
Figure: Influence centrality versus stubbornness
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Problem Formulation: Influence Enhancement Through Edge Modifications

Solution 1: increasing influence by changing stubbornness
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Figure: Network with two stubborn agents
Figure: Influence centrality versus stubbornness

@ Solution 1 does not always work.
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Figure: Network with two stubborn agents
Figure: Influence centrality versus stubbornness

@ Solution 1 does not always work.

@ Stubbornness is an inherent trait: often infeasible to modify, and not always
effective.
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Problem Formulation: Influence Enhancement Through Edge Modifications

Solution 1: increasing influence by changing stubbornness
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Figure: Network with two stubborn agents
Figure: Influence centrality versus stubbornness

@ Solution 1 does not always work.

@ Stubbornness is an inherent trait: often infeasible to modify, and not always
effective.

@ Network interventions are practical: feed and recommendation algorithms,
targeted marketing, coalition formation.
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Problem Formulation: Influence Enhancement Through Edge Modifications

Solution 2: increasing influence through edge

modifications

Existing edge-addition approaches
@ Ancona et al. (pro-vaccine campaign), Ao and Jia (two-agent game), Wang
et al. (influence maximisation).

o Edges are added from an external stubborn agent whose opinion is never
affected by others, to an undirected-connected or strongly connected network.

October 27, 2026 11 /40
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Problem Formulation: Influence Enhancement Through Edge Modifications

Solution 2: increasing influence through edge

modifications

Existing edge-addition approaches
@ Ancona et al. (pro-vaccine campaign), Ao and Jia (two-agent game), Wang
et al. (influence maximisation).

o Edges are added from an external stubborn agent whose opinion is never
affected by others, to an undirected-connected or strongly connected network.
V.

Limitations and this work
o Adding edges from the desired agent need not increase its influence.

@ Real world networks are often weakly connected.
.

October 27, 2026 11 /40
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Proposed edge modification (a, b, d)

An edge modification (a, b, d) with distinct nodes a, b, d applied to G:
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(a) Original network G

Figure: Effect of edge modification (1, 3, 4) on G.
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Proposed edge modification (a, b, d)

An edge modification (a, b, d) with distinct nodes a, b, d applied to G:
o Add edge (a, b) with weight w € (0,1) (node b follows a new influencer a).
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(a) Original network G (b) The addition of (1, 3)

Figure: Effect of edge modification (1, 3,4) on G.
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Problem Formulation: Influence Enhancement Through Edge Modifications

Proposed edge modification (a, b, d)

An edge modification (a, b, d) with distinct nodes a, b, d applied to G:
o Add edge (a, b) with weight w € (0,1) (node b follows a new influencer a).

@ Reduce the weight of the existing edge (d, b) by w (models the change in b's
social media feed).

@ In-degree of b is preserved: W, g = wp g — w (attention budget stays
constant; W stays row-stochastic).
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(a) Original network G (b) Reduction of existing (4, 3)

Figure: Effect of edge modification (1, 3,4) on G.
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Proposed edge modification (a, b, d)

An edge modification (a, b, d) with distinct nodes a, b, d applied to G:
o Add edge (a, b) with weight w € (0,1) (node b follows a new influencer a).

@ Reduce the weight of the existing edge (d, b) by w (models the change in b's
social media feed).

@ In-degree of b is preserved: W, g = wp g — w (attention budget stays
constant; W stays row-stochastic).

@ Choose w < wp 4 (edge (d, b) is not removed, weights stay positive).
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(a) Original network G (b) Reduction of existing (4, 3)

Figure: Effect of edge modification (1, 3,4) on G.
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Problem Formulation: Influence Enhancement Through Edge Modifications

Practical relevance

DIGITAL
il BRANDING

VISIBILITY REDIBILITY

Search Engine
Rankings

@ Recommender systems: promoting

one source lowers the visibility of

others (limited user feed capacity).
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Problem Formulation: Influence Enhancement Through Edge Modifications

Practical relevance

Why (a, b, d)?

@ Recommender systems: promoting
one source lowers the visibility of
others (limited user feed capacity).

DIGITAL o (a, b) added: a post from ‘a’ is

i BRANDING ¢ suggested to user 'b’,

VisiBILTY ey o (d,b) reduced: content from ‘d’

is deprioritised.

Search Engine
Rankings
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Practical relevance

Why (a, b, d)?

@ Recommender systems: promoting
one source lowers the visibility of
others (limited user feed capacity).

o (a, b) added: a post from ‘a’ is
suggested to user ‘b,

e (d, b) reduced: content from ‘d’
is deprioritised.

VISIBILITY

Search Engine
Rankings

@ Mathematical representation in a graph G with adjacency matrix W:

W=W+wey(e, —eq)” (rank-one update of the interaction matrix)

T. Tripathy (IITK) Influence Enhancement Through Edge Modifications October 27, 2026 13 /40



Assumptions and problems of interest

Standing assumptions

@ Assumption 1: each non-stubborn agent has a path from at least one
stubborn agent.

e Assumption 2: the agent b in (a, b, d) has 5, < 1 (a fully stubborn b
ignores new in-edges, so Acs = 0).
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Assumptions and problems of interest

Standing assumptions

@ Assumption 1: each non-stubborn agent has a path from at least one
stubborn agent.

e Assumption 2: the agent b in (a, b, d) has 5, < 1 (a fully stubborn b
ignores new in-edges, so Acs = 0).

Problems
P1 For which a, b, d is Acs > 0 when (a, b, d) is applied?

P2 Can topological properties of a, b, d guarantee Acs > 0 for all edge weights
and stubbornness values?
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Outline

© Impact of an Edge Modification
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How does one modification change ¢?

Notations: P = (I —B3)W, F=(I—P) 1 =3 ,.0P% u=w(l-Bs)ep,
V=eg—e,. B

@ Opinions converge to:

xr = (I = (I = B)W) ™' x(0)

P
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V=eg—e,. B

@ Opinions converge to:
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© Rank-one update: W=W-+weye,—eq)T = P=P—uv". So
I—P=(—-P)+u.
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Impact of an Edge Modification

How does one modification change ¢?

Notations: P = (I = B)W, F=(1—P) 1 =3 0P u=w(l—pe,

V=~¢€y — €;.

@ Opinions converge to:

xr = (I = (I = B)W) ™' x(0)

P

Bs ]lnTFeS
. )

@ Influence centrality: ¢ =

@ Rank-one update: W = W + wey(e, —ey)T = P=P—uv”. So

|—P=(—-P)+uvT.

© Sherman—Morrison formula: (/ — P +uv’) ! =F —
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Impact of an Edge Modification

How does one modification change ¢?

Notations: P = (I —8)W, F=(I-P)"1= Zk>0 ,u=w(l—05p)ep,
V=~¢€y — €;.
@ Opinions converge to:
xe = (I — (1= B)W)~'5x(0)

P

Bs 1] Fes

-

© Rank-one update: W=W+weyes—es)T = P=P—uv". So
I—P=(—P)+u.

@ Influence centrality: ¢; =

FuvF
@ Sherman—Morrison formula: (/ — P +uv’)™t = F — Il—l—u\‘lliTFu

© Change in influence: Ac, = & — ¢ BS]IT(F F)es, hence,

(]lnTFU)( " Fe:)

= b n(l+v’Fu)
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How does one modification change ¢;? (contd.)

Notations: P = (I —B3)W, F=(I—P)1=Y,.0P% u=w(l-Bs)e,
V=e4—é,. B

Change in influence:

(s Fu)(u' Fe)

Ac, = —
o fs n(l+vTFu)

Ac, = 0if Bp =1 (Assumption 2),

1JFu>0(F >0and 8, < 1),

1+v Fu>0 (det(! — P+ uv) = det(l — P)(1 + v(I — P)u)),
sign of Acs = sign of (—v' Fe;) = sign of (e, — eq) " Fes.
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Impact of an Edge Modification

The role of connectivity
Theorem

Let Assumptions 1 and 2 hold. The modification (a, b,d) increases cs of a
stubborn agent s if and only if

(es — ed)TZ Pkes > 0.
k=0

T. Tripathy (IITK) Influence Enhancement Through Edge Modifications October 27, 2026 18 /40




Impact of an Edge Modification

The role of connectivity
Theorem

Let Assumptions 1 and 2 hold. The modification (a, b,d) increases cs of a
stubborn agent s if and only if

(es — ed)TZ Pkes > 0.
k=0

o e] ", Pke, = aggregate weight of all walks from s to a in G(P).

@ So ¢ increases iff the walks from s to a outweigh those from s to d; the
choice of b is not important (only 35, < 1).

T. Tripathy (IITK) Influence Enhancement Through Edge Modifications October 27, 2026 18 /40




Impact of an Edge Modification

The role of connectivity

Theorem

Let Assumptions 1 and 2 hold. The modification (a, b, d) increases cs of a
stubborn agent s if and only if

(es — ed)TZ Pkes > 0.
k=0

o e] ", Pke, = aggregate weight of all walks from s to a in G(P).

@ So ¢ increases iff the walks from s to a outweigh those from s to d; the
choice of b is not important (only 35, < 1).

But:
@ Verification of all walks and all weights: expensive.

@ It depends on edge weights and stubbornness, which are hard to estimate.

= Solution: We need to find conditions that depend only on topology.
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Outline

@ Topology-Based Edge Modifications
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Locally Topologically Persuasive (LTP) agents

Definition (LTP agents)
p € Vis an LTP agent if

@ there is a non-stubborn g # p such that every path from every stubborn
agent to g contains p (the set of all such agents is N}),

@ if p is non-stubborn, no node c lies on all paths from the stubborn agents to
p.
The non-influential agent g is then said to be persuaded by p.
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Locally Topologically Persuasive (LTP) agents

Definition (LTP agents)
p € Vis an LTP agent if

@ there is a non-stubborn g # p such that every path from every stubborn
agent to g contains p (the set of all such agents is N}),

@ if p is non-stubborn, no node c lies on all paths from the stubborn agents to
p.
The non-influential agent g is then said to be persuaded by p.

1 AL
: 7 k\\z 6
5 \ [ 3 9~ @ /
(a) Network G (b) Agent 2 is LTP (c) Agent 5 is LTP

Figure: LTP agents
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Topology-Based Edge Modifications

Endorsers and non-endorsers

Definition (Endorsers)

If a stubborn agent s is LTP, the endorsers of s are s itself and the agents in Nj.
All other agents are non-endorsers of s.
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Topology-Based Edge Modifications

Endorsers and non-endorsers

Definition (Endorsers)

If a stubborn agent s is LTP, the endorsers of s are s itself and the agents in N;.
All other agents are non-endorsers of s.

o If siis not LTP, its only endorser is s.

o With m > 1 stubborn agents, every stubborn agent has at least one endorser
(itself) and at least one non-endorser.

@ Non-stubborn endorsers: supporters (fan pages) of an influential individual.
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Topology-Based Edge Modifications

Example: LTP agents and endorsers

L,

(a) Network G (b) Agent 2 is LTP (c) Agent 5 is LTP

&

o Yo

AN
\oo

Figure: Stubborn LTP agents (red) and their endorsers.
@ Endorsers of 2: {2,3,4}; the rest are non-endorsers.

e Endorsers of 5: {5,6}.
@ Do they have any interesting properties?
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ased Edge Modifications

Kron Reduction Preliminaries

X

Kron reduction
@ Given a Laplacian Q with digraph G(Q): /
e a: nodes to be retained
o reduced graph G, of Q/a‘

@ Schur complement to determine Q/a‘

(Q/a = Q[a] — Qla, af] R[]~ Q[as, a])

D QP

(b) Gov

Figure: Nodes with crosses lie in €.

9F. Dorfler and F. Bullo, “Kron reduction of graphs with applications to electrical networks,” IEEE Transactions on Circuits and Systems I: Regular
Papers, vol. 60, no. 1, pp. 150-163, 2012

10T Sugiyama and K. Sato, “Kron reduction and effective resistance of directed graphs,” SIAM Journal on Matrix Analysis and Applications, vol. 44,
no. 1, pp. 270-292, 2023
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opology-Based Edge Modifications

Kron Reduction Preliminaries

Kron reduction

AN
N

@ Given a Laplacian Q with digraph G(Q):
e «: nodes to be retained
o reduced graph G, of Q/a‘

@ Schur complement to determine Q/a‘

(Q/a = Q[a] — Qla, af] R[]~ Q[as, a])

D QP

(b) Gov

Figure: Nodes with crosses lie in €.

Kron reduction of digraphs®°®

@ The Kron-reduced matrix Q/aC (i.e. Q[ac] ! exists) is well-defined if every node i € o has a path in
G(Q) from a node j € a.

@ If Q is a loopless (loopy) Laplacian matrix, then the Kron reduced matrix Q/«€ is also a loopless
(loopy) Laplacian matrix.

© An edge (i, ) exists in G, if and only if there is a path i to j in G(Q) such that all the nodes
comprising the path belong to {i,j} U a°.

9F. Dorfler and F. Bullo, “Kron reduction of graphs with applications to electrical networks,” IEEE Transactions on Circuits and Systems I: Regular
Papers, vol. 60, no. 1, pp. 150-163, 2012

10T Sugiyama and K. Sato, “Kron reduction and effective resistance of directed graphs,” SIAM Journal on Matrix Analysis and Applications, vol. 44,
no. 1, pp. 270-292, 2023
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Steady-State Behaviours of LTP nodes

@ Under the FJ model, the final opinions of agents satisfy the equations:

x* = (I — B)Wx* + 8x(0)
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Steady-State Behaviours of LTP nodes

@ Under the FJ model, the final opinions of agents satisfy the equations:

x* = (I — B)Wx* + 8x(0)

@ Rewriting these equations, we get

(/—(/EB)W) —6[['(1)],[m]] } L:((B)]_O

——
D z

where x5(0) = [xs,, ..., Xs,,] denote initial opinions of m stubborn agents.
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Steady-State Behaviours of LTP nodes

@ Under the FJ model, the final opinions of agents satisfy the equations:

x* = (I — B)Wx* + 8x(0)

@ Rewriting these equations, we get

(/—(/EB)W) —B[['g,[m]] } L:((B)]_O

——
D z

where x5(0) = [xs,, ..., Xs,,] denote initial opinions of m stubborn agents.

@ D is a Laplacian matrix.
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Steady-State Behaviours of LTP nodes

@ Under the FJ model, the final opinions of agents satisfy the equations:

x* = (I — B)Wx* + 8x(0)

@ Rewriting these equations, we get

(/—(/EB)W) —B[['g,[m]] } L:((*O)]_O

——
D z

where x5(0) = [xs,, ..., Xs,,] denote initial opinions of m stubborn agents.

@ D is a Laplacian matrix.

@ Using Kron reduction, we obtain a reduced form as:
D/ac-z[a] =0

o Interestingly, D/a‘ is also a Laplacian matrix.
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Steady-State Behaviours of LTP nodes (contd.)

o Let p be LTP and g € N,,.

@ Stubborn agents: S, Sy, - Sp.
o a= {paq,517527"' asm}'

T. Tripathy (IITK) Influence Enhancement Through Edge Modifications October 27, 2026

25 /40



Steady-State Behaviours of LTP nodes (contd.)

o Let p be LTP and g € N,,.
@ Stubborn agents: S, Sy, - Sp.

o a= {p7q7517527"' asm}-
@ Steady state behaviour after Kron reduction:

d11,1 d11,2 d11,3 d11,m+2 XZ
d, di, 0 .. 0 x; | =0
0 0 0o .. 0 xs(0)
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Steady-State Behaviours of LTP nodes (contd.)

o Let p be LTP and g € N,,.
@ Stubborn agents: S, Sy, - Sp.

o a= {paqa517527"' aSm}-
@ Steady state behaviour after Kron reduction:

d11,1 d11,2 d11,3 dll,m+2 XZ
d, di, 0 .. 0 x; | =0
0 0 0o .. 0 xs(0)

o For agent g: 7d21X; + d22X:; =0 = X; = x;.

Key result

Consider a network G of n agents with m stubborn agents. The opinions of agents
in G are governed by the FJ model. Then, the final opinions of an LTP agent p
and the nodes in set NV, have the same steady state opinions.
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Steady-State Behaviours of LTP nodes (contd.)

@—
' 5 10 15 20 25

|
(a) Network G (b) Formation of desired opinion clusters

Figure: Suitable design of G for desired opinion clusters.

LTP agents
@ Stubborn agents: 7 and 10,
@ LTP agents: 1, 4, 7 and 10.
@ Here, the stubborn agents directly control some of the agents!

T. Tripathy (IITK) Influence Enhancement Through Edge Modifications October 27, 2026 26 /40



Topology-Based Edge Modifications

Steady-State Behaviours of LTP nodes (contd.)

5 10 ¢ 15 20 25
(b) Formation of desired opinion clusters
Figure: Suitable design of G for desired opinion clusters.
LTP agents
@ Stubborn agents: 7 and 10,
@ LTP agents: 1, 4, 7 and 10.
@ Here, the stubborn agents directly control some of the agents! Can we
leverage this information for influence enhancement?
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Kron Reduction Framework for Influence Enhancement

© Kron Reduction Framework for Influence Enhancement
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From FJ steady state to a graph G(R) using a Laplacian R

The Laplacian matrix R

@ At steady state:

o x* = (I — B)Wx* + x(0)
o Xx=1]x"/n

v
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From FJ steady state to a graph G(R) using a Laplacian R

The Laplacian matrix R

@ At steady state:

o x* = (I — B)Wx* + x(0)
o Xx=1]x"/n

o Why x?

v
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From FJ steady state to a graph G(R) using a Laplacian R

The Laplacian matrix R

@ At steady state:

o x* = (I — B)Wx* + x(0)
o Xx=1]x"/n

o Why X7 Because:

v
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From FJ steady state to a graph G(R) using a Laplacian R

The Laplacian matrix R

@ At steady state:
o x* = (I — B)Wx* + Bx(0)

o Xx=1]x"/n

o Why X7 Because:

@ Stacking them gives:

I — (1 =B)W  —8][n], [m] 0] [x}
0 0 01 [x5(0) =0

—1]/n 0 1
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From FJ steady state to a graph G(R) using a Laplacian R

The Laplacian matrix R

@ At steady state:
o x* = (I — B)Wx* + Bx(0)

o Xx=1]x"/n

o Why X7 Because:

X = Z C,'X,'(O).
i€y

@ Stacking them gives:

I = (=W —glln], [m]] 0] [x}
0 0 0| |x(0)| =0

Xl —~

—1]/n 0 1
N——r

X
N

such that:
e R1 =0, diagonal entries > 0, off-diagonal entries < 0
e R is a Laplacian matrix!
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Kron Reduction Framework for Influence Enhancement

From FJ steady state to a graph G(R) using a Laplacian R
(contd.)

Construction of G(R)

@ R is a Laplacian matrix.

@ G(R) has n+ m+ 1 nodes:
o the n agents,
o the sources S (initial opinion of

the stubborn agents),
e the sink O (%).

("] Edges: (a) Network G (b) Network G(R)
° 5 —J,
e every agent — 0, Figure: lllustration of G and G(R)

e an edge (j, i) of G stays an edge
of G(R) if Bi < 1.
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Kron reduction of G(R) yields influence centrality

X = Z C,'X,'(O).

iey
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Kron Reduction Framework for Influence Enhancement

Kron reduction of G(R) yields influence centrality

X = Z C,'X,'(O).

icy
Lemma (Influence centrality as an edge weight)
Fora ={S1,...,5m, O}:

. 0 0 _ 0 0
RIO= 1011 = (1 - ByW) B0, [m] 1]‘{—[%-.-7%1 1}

so the edge (Sj, O) in G, has weight —c;.
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Kron Reduction Framework for Influence Enhancement

Kron reduction of G(R) yields influence centrality

X = Z C,'X,'(O).

icy
Lemma (Influence centrality as an edge weight)
Fora ={S1,...,5m, O}:

. 0 0 _ 0 0
RIO= 1011 = (1 - ByW) B0, [m] 1]‘{—&17..-7%1 1}

so the edge (Sj, O) in G, has weight —c;.

Kron reduction is well behaved

Let &« D {S1,...,Sm, O}. Then R/ac is a well-defined loopless Laplacian; this
persists under iterative reduction.
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Example: Kron reduction of G(R)

S1
S1—__ SQ\"\: 1;0 »
(b) Gay s () Gay —cy
(a) Original G(R) a; = {1,2,4,5(,5,, 53, O} ay = {1,51,5;, 53,0} (d) Gagy, a3 = {51, 53, S3, O}

Figure: Iterative Kron reduction of G(R) (self-loops omitted); the last graph has edges (Sj, 0) of weight =<

@ The first step removes nodes ({3,5,6}, then {2,4}, then {1}), so the effect
of a local change can be tracked in a much smaller graph.

@ oD {51,...,5m, O} is required: G,, cannot be reduced any further.
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Kron Reduction Framework for Influence Enhancement

How does a changed edge propagates to the reduced
graph?

Theorem

Let Q be a loopy Laplacian, Q/ac well defined, and let the weight of edge (u,v) in G(Q)
change. Then in G, (with j, k € a):
(i) u,v € a: only the edge (u, v) changes.
(i) u€a, veac: edge (u,j) changes if there is a path u — j through (u, v) with all interior
nodes in af.
(iii) u € a, v € a: edge (k,v) changes if there is a path k — v through (u, v) with interior
nodes in ac.

(iv) u,v € af: edge (j, k) changes if there is a path j — k through (u, v) with interior nodes in

ac.

and the reduced weight moves in the same direction as the original edge.

. EN s N
/ ; N e € =],
SO LA S LAV

0) 0 (i) )

Figure: Left: G(Q) (crosses = a€); right: G . Perturbed edges are dashed red.
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Recap: the role of connectivity

Theorem

Let Assumptions 1 and 2 hold. The modification (a, b,d) increases cs of a
stubborn agent s if and only if

(es — ed)TZ Pkes > 0.
k=0

e e/ Y, Pke, = aggregate weight of all walks from s to ain G(P).

@ So ¢, increases iff the walks from s to a outweigh those from s to d; the
choice of b is not important (only 55 < 1).

But:
@ Verification of all walks and all weights: expensive.
@ It depends on edge weights and stubbornness, which are hard to estimate.

= We need to find conditions that depend only on topology.
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Kron Reduction Framework for Influence Enhancement

Redundant edge modifications

Theorem

Let p be an LTP agent and Assumptions 1 and 2 hold. If a,d € N, U {p}, the
modification (a, b, d) is redundant: the influence centrality of every agent is
unchanged, for all weights and stubbornness values.
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Redundant edge modifications

Theorem

Let p be an LTP agent and Assumptions 1 and 2 hold. If a,d € N, U {p}, the
modification (a, b, d) is redundant: the influence centrality of every agent is
unchanged, for all weights and stubbornness values.

o If a, d are both endorsers of s,
then (a, b, d) is redundant, so
adding an edge from the desired
stubborn agent can fail to
increase its influence.
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Redundant edge modifications

Theorem

Let p be an LTP agent and Assumptions 1 and 2 hold. If a,d € N, U {p}, the
modification (a, b, d) is redundant: the influence centrality of every agent is
unchanged, for all weights and stubbornness values.

1
o If a, d are both endorsers of s, o
then (a, b, d) is redundant, so £ .
. . 206 o
adding an edge from the desired 8 .
. A B ‘
stubborn agent can fail to 6 9 S
increase its influence. (1 /l To2
5 3
e Example: N, = {3,4} and TG e g meaneBa @49
N5 — {6} glVe the redunda nt (a) Network G (b) Redundant modifications in G
modifications (5, 1,6), (2,5, 4)
and (2 4 3) Figdure:hOriEinal net;v;)rk (red: stubborn agents) and the influence centralities
9 Ty . under the three modifications.
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Kron Reduction Framework for Influence Enhancement

Edge modifications to increase influence

Theorem

Let Assumptions 1 and 2 hold. The modification (a, b, d) increases the influence
centrality of stubborn agent s if

@ a is an endorser of s, and
@ d is a non-endorser of s.

This holds for any edge weights and stubbornness values.
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Kron Reduction Framework for Influence Enhancement

Edge modifications to increase influence

Theorem

Let Assumptions 1 and 2 hold. The modification (a, b, d) increases the influence
centrality of stubborn agent s if

@ a is an endorser of s, and
@ d is a non-endorser of s.

This holds for any edge weights and stubbornness values.

@ Selection depends only on topology.

o Edges may be added from s or from its non-stubborn endorsers (fan pages):
a larger class than edges from s alone.

@ Since ¢’1 =1, influence gained by s is lost by the other stubborn agents.
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Kron Reduction Framework for Influence Enhancement

Example: an effective modification

" - 1 Q2 " _ 1 Qz

s e "2

3 4 3 4
(a) Network G (b) Edge modification (3, 1, 6)

Here a = 3 is an endorser of the desired stubborn agent 3 and d =6 is a
non-endorser. By the closed form,

>0
—
(1] Fu) (vTFe,)
n(l+v'Fu) ’
—_——

>0

Ac; = —fs

and Acs; >0 <= F,s > F4s: the endorser a is better connected to s than d.
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Key advantages of the topology-based approach

@ Applies to any desired stubborn agent (not only an external influencer) and
to any weakly connected digraph; compare with Wang et al., “Adding

links wisely: how an influencer seeks for leadership in opinion dynamics?”,
arXiv:2506.12463.

@ Redundant and effective modifications are identified regardless of edge
weights and stubbornness values.

o Identifying the LTP agents and endorsers costs only O(m(n+ |£])), with
m < n stubborn agents; while exploring all the walks needs F, i.e. O(kn?).
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Outline

@ Conclusions
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Conclusions

Conclusion

Key insights

o Exact criterion: (a, b, d) raises c; iff s reaches a with more walk weight than
d; closed form for Ac;.

o Kron reduction of G(R) turns influence centrality into an edge weight and
tracks how a local change propagates (Theorem 2).

o Topology-only guarantees: redundant modifications (both nodes behind
the same LTP agent) and always-effective ones (endorser — non-endorser),
independent of weights and stubbornness.

Future directions
@ Applying these results to other models of opinion formation.

@ Developing an influence maximisation algorithms, and richer models of
recommendation acceptance.
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Conclusions

Thank you
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